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Abstract

The High Energy Laser End-to-End Operational Simulation (HELEEOS) off-axis
scattering algorithm is designed to predict the irradiance that will be detected at
a given off-axis location due to atmospheric scattering of a high-energy laser. The
HELEEOS system models the propagation of the laser through the atmosphere, ac-
counting for such effects as turbulence, thermal blooming, and atmospheric absorp-
tion. The HELEEOS off-axis scattering algorithm uses the scattering phase functions
of the Mie scattering models to predict the amount of radiation that will be scattered
toward a particular observation location from each point along the beam path, and
the total irradiance that will be received at that location. Algorithm outputs were
compared with data from a laser test conducted at Wright-Patterson Air Force Base
using 1.53-1.59 um communications lasers operating at 0.6 W of power. The off-axis
irradiance was measured using an Indium Gallium Arsenide (InGaAs) camera. A
software application was developed to assist in camera calibration and the analysis of
the collected images. The application was used to reduce the data from each image
to a single irradiance value which could be compared with HELEEOS predictions.
Preliminary results show an agreement within 1-2 orders of magnitude between the
HELEEOS algorithm and the measured off-axis irradiance, although the potential

exists for improving this result through more detailed analysis of the same data set.
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EXPERIMENTAL VALIDATION TECHNIQUES FOR THE HELEEOS
OFF-AXIS LASER PROPAGATION MODEL

I. Introduction

The purpose of this thesis is to develop techniques for experimental validating the
off-axis propagation algorithm within the High Energy Laser End-to-End Operational
Simulation (HELEEOS) model. HELEEOS is a software package developed at the Air
Force Institute of Technology to simulate laser propagation through the atmosphere.
Its core purpose is to predict the properties of a high energy laser beam at every point
along its path, taking into account its interaction with the atmosphere [3]. In 2006,
Scott Belton extended the model to simulate off-axis scattering, giving HELEEOS the
ability to determine the irradiance received from laser at some off-axis location [3].
Although HELEEOS’s basic functionality has been experimentally validated, the off-
axis scattering capability has not previously been validated. Tests with an infrared
camera and 1-watt infrared lasers at Wright-Patterson Air Force Base provide a means
to determine the accuracy of the off-axis scattering model. HELEEOS was designed
with high-energy laser weapons in mind, but these tests provide useful data for veri-
fying the off-axis scattering algorithm, as well as to determine the viability of using
the same model for lower power communication lasers. Additional tests, conducted in
December 2009 at Dahlgren, VA, using a more powerful 20-kilowatt laser, will provide
a means to test the model against a high energy laser.

It is assumed that the reader has a basic understanding of laser propagation and

atmospheric properties.



1.1 Background

Lasers are operated in the atmosphere for a variety of military applications, in-
cluding illumination of targets for bombs and missiles, communication, and most
recently as experimental directed-energy weapons. Currently the Air Force is build-
ing two experimental laser weapons, the Airborne Laser (ABL) and the Advanced
Tactical Laser (ATL). Both use a Chemical Oxygen Iodine Laser (COIL). The ATL
is carried inside a modified C-130 aircraft and designed to damage ground targets
along slant paths of up to 10 km. The ABL, on the other hand, is intended for use
against theater ballistic missiles such as the SCUD, and would be operated from a
modified Boeing 747 aircraft. The ABL operates at power levels on the order of one
megawatt, while the ATL has power outputs on the order of kilowatts [2, 1].

As high-powered lasers become more common, U.S. government agencies will re-
quire information about lasers used by our adversaries. Atmospheric scattering makes
it possible to observe a laser beam from an off-axis point (i.e. not in the immediate
path of the beam), opening the possibility of characterizing the laser by remote ob-
servation. Molecules and aerosol particles cause light to be scattered out of the beam
in all directions. If the location of the laser, its target, and the observer’s location are
known, with the atmospheric environment sufficiently well characterized, the power of
the laser can be determined from the irradiance of scattered light seen by an off-axis
observer. It may also be possible to use the same technique on some communications
lasers. A computer program, written by Belton and since integrated into HELEEOS,
provides the computational tools to determine off-axis scattered irradiance for a laser
of known properties [3].

HELEEOS predicts laser propagation by an empirical method, taking into account
a variety of factors including the atmospheric environment, and the laser’s ability to

compensate for atmospheric turbulence. The model supports scattering calculations



for electromagnetic beams operating between 355 nm and 8.6 m. HELEEOS provides
the intensity of light in all directions at each point along the beam; Belton’s model
uses this to determine the irradiance received at a particular off-axis point, taking
into account extinction of light traveling from the beam to the observer [3].

While Belton’s model predicts the off-axis scattered irradiance for a laser whose
properties are known, a new feature of HELEEOS due to be added by Eric Magee and
William Gruner is the ability to determine the power of a laser based on measurements
of off-axis scattering. This feature will be implemented using a Gaussian process
regression model to map off-axis irradiances to laser power outputs. The Gaussian
process technique also provides the ability to determine a probability distribution to

indicate the degree of uncertainty in the prediction [11].

1.2 Motivation

The capability to determine laser power from backscatter would provide a means
to determine basic characteristics of noncooperative laser systems. In the case of
communications lasers, it may also be possible to collect some portion of the data
being transmitted. Thus the technique would provide an important intelligence gath-
ering capability, particularly if laser weapons entered widespread use among U.S.
adversaries.

A software model already exists as a component of the HELEEOS computer pro-
gram. The core functionality of the HELEEOS program, that is, to characterize laser
beam propagation for a known laser system, was validated in previous studies. This
current study provides an initial validation for the off-axis scattering model developed

by Belton, and develops techniques which can be used for future testing.



1.3 Problem Statement

The primary goal of this research is to develop techniques for experimental val-
idation of the HELEEOS off-axis scattering model, and to provide a preliminary
assessment of its accuracy. A secondary goal is to determine whether the techniques

used to measure off-axis irradiance are effective for communications lasers.

1.4 Methodology

Tests conducted in July 2009 by the Air Force Research Laboratory (AFRL) at
Wright-Patterson Air Force Base provided the first set of validation data. The lasers
used in the test operated at 1.533, 1.589, and 1.595 um, within the range supported
by HELEEOS, and with power levels varying from 0.6 to 5.7 W. This comparatively
low power level may produce results that differ somewhat from megawatt-class COIL
lasers of interest, but testing against low powers opens up the possibility of charac-
terizing noncooperative communications lasers as well as laser weapons. The more
powerful weapons lasers would likely be easier to detect and measure than these
communications lasers.

Additional tests were conducted in December 2009 using a 1.07 pm laser in
Dahlgren, VA [11]. These tests used a 20-kilowatt laser intended for use as a weapon,
so they help fulfill the need to demonstrate the off-axis scattering technique against
a high-energy laser.

Irradiance measurements at the July 2009 test were made with an infrared camera
using an Indium-Gallium-Arsenide (InGaAs) array. Although the HELEEOS off-axis
scattering module was designed with a single-element detector in mind, the camera
provided a more flexible method of data collection. By analyzing the images collected
it is possible to clearly distinguish background pixels from laser beam pixels, and

the background irradiance can easily be subtracted out to find the irradiance of the



scattered laser light [11]. Furthermore, decisions could be made after the data was
collected about which part of the camera’s field of view should be analyzed, which
might not have been possible using a single-element detector.

Measurements collected during the December 2009 test used a CCD camera. Al-
though CCD’s are designed to detect visible light, they have adequate sensitivity at

the 1.07 pum laser wavelength to detect the scattered laser light.

1.5 Overview

HELEEOS simulates a number of mechanisms by which the atmosphere affects
laser beam propagation. All of these are described in Chapter II. The most important
of these is atmospheric scattering, which will be discussed in greater detail. The
scattered light from the optical scattering was collected by an InGaAs camera, which
was calibrated against a blackbody. Chapter III discusses the radiometry theory
required to calibrate the camera and apply the calibration to field images, while the
results of the calibration are described in Chapter IV. The calibration was applied to
56 test cases, which are compared against HELEEOS runs in Chapter V. For those
interested, a detailed summary of the input data and results for all the test cases can

be found in Appendices B and C.



II. Literature Review

This chapter summarizes some of the fundamental concepts relating to atmo-
spheric laser propagation and scattering detection using infrared cameras. The Gaus-
sian process regression to be used for correlating scattered irradiance with laser power
is also described. Finally, a discussion of communications lasers is included as a pre-

lude for later discussion on the viability of using HELEEOS against such lasers.

2.1 Atmospheric Interaction

Lasers interact with the atmosphere in a number of ways. Molecules in the air
(primarily COy, No, HyO, and O3) may both scatter and absorb radiation. Similarly,
aerosols may contribute both scattering and absorption. Finally, optical turbulence
(variances in the index of refraction of the air) can perturb the beam position, expand-
ing it over a time average. Turbulence can also cause localized irradiance fluctuations
in the beam [22, 18].

For this thesis, the interactions of primary concern are absorption and scattering.
Scattering along the beam is necessary for light to reach any off-axis detector, but
any additional scattering along the path between the beam and the detector will
contribute to extinction, decreasing the observed irradiance. Absorption decreases
the irradiance both of the beam itself and of the off-axis scattering.

Regardless of the mechanism, a laser beam’s power decays exponentially with
distance as long as the atmospheric properties remain constant. The decay rate - is

given by

Wzam+6m+aa+6a7 (1)

where «,,, and (3,, denote absorption and scattering, respectively, by molecules, and



a, and [, denote absorption and scattering by aerosol particles [18]. The degree of

attenuation at a particular distance is then given by Beer’s Law:

T=—2>=¢e (2)

where 7 is the transmittance, v is the attenuation coefficient, and z is the distance
from the source [18]. If the atmospheric properties vary along the beam path, the

exponent —vyz is replaced by the integral

— [ (2)d=. (3)
I

The absorption and scattering coefficients depend on the concentrations of the
contributing particles, and may be expressed as the product of a cross section with
the particle concentration [18]. The cross sections are given as o, for absorption and

o for scattering, and the absorption and scattering coefficients are given by

a=0o,N, (4)

and

ﬂ:Ust: (5)

where N, and N, are the concentrations of absorbers and scatterers, respectively.

2.1.1 Absorption.

Each molecular species in the atmosphere has a characteristic absorption spectrum
which contributes to the total attenuation. Of the molecular species present in the at-

mosphere, H,O and C'O, contribute the most to absorption. These molecules absorb



incident light by changing between various rotational and vibrational modes [18].
Many high energy lasers are designed to operate in “clean-window” bands for
which molecular absorption is minimized. For these lasers, scattering is the dominant

attenuation mechanism [10].

2.1.2 Scattering.

Atmospheric scattering is commonly treated using two models: Rayleigh scatter-
ing and Mie scattering. Rayleigh scattering models scattering by particles, primar-
ily molecules, which are smaller than the size of the wavelength in question. Mie
scattering models larger particles for which the shape of the scattering particle is a

factor [18].

Rayleigh scattering. Rayleigh scattering occurs when the electric field of
the laser beam displaces bound electrons in molecules of the air. This causes a
dipole moment which oscillates at the same frequency as the incident field. For light

scattered in a direction €2, the scattered intensity has the proportionality

I o< w*(1 — sin®() cos® ¢), (6)

where 0 is the angle between (2 and the direction of propagation, and w is the frequency
of the light. ¢ is the angle between the electric field of the polarized light and the
component of 2 in a plane perpendicular to the propagation direction [14]. Dropping

the frequency dependence gives us the scattering phase function

p(0,¢) = w*(1 — sin?(#) cos? ¢). (7)

This scattering profile, also known as the scattering phase function, is shown in

Figure 1.
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Figure 1. Scattering phase function for Rayleigh scattering in directions  relative
to the propagation direction. Results are shown for light polarized perpendicular,
parallel, and unpolarized relative to the scattering direction (based on Figure 12.2 and
Equation 12.9 of [14]).

Although the Rayleigh scattering model accounts for polarization effects, HELEEOS
threats the light as being unpolarized during propagation, except for considering po-
larization that is induced by the scattering process itself [11]. Furthermore, no polar-
ization information was available for the lasers used in the test data for this project.
Studies previously conducted by the AFIT Center for Directed Energy show that
polarization has little effect on HELEEOS outputs for lasers below 12 km of altitude,
as shown in Figure 2. This is because the dominant scattering mechanism at lower
altitudes is aerosol scattering, which does not induce polarization [11].

The frequency dependence of Rayleigh scattering means that high-frequency light
is scattered most strongly. This effect is responsible for the blue color of the sky, since
blue light is scattered more strongly than red. The frequency dependence also means

that Rayleigh scattering plays a minimal role for wavelengths greater than 1 pm.
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Figure 2. Effect of polarization on HELEEOS off-axis irradiance outputs. Although
polarization can make large differences at high altitudes, it has little effect below 1,200
km.

Mie scattering. Aerosol scattering is the most important factor for lasers
operating in the troposphere (which is the case for all the planned validation tests) [10].
Aerosols are small particles in the air which can include dust, salt grains, and water
droplets. Rayleigh scattering ignores the geometry of the scatterers and treats them
as point particles, but this assumption is invalid for scatterers whose size is on the
order of the laser wavelength or larger. Therefore the Mie model is instead used for
these particles.

The attenuation cross-section o for Mie scattering is given by

o= Kra?, (8)

where K is called the attenuation factor and a is the radius of the scattering particle.
In general K may include both an attenuation term and a scattering term, and

depends on both wavelength and the radius a:
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K(a,\) = Kgear(a, N) + Kaps(a, A). (9)

Kot and Ky, are also called absorption and scattering efficiencies.

The presence of both absorption and scattering terms in K presents a challenge,
particularly in the infrared where the molecular absorption coefficients can be sig-
nificant. This is further complicated by the fact that the particle sizes may vary,
and normally there are multiple particle sizes present. In order to determine the Mie
attenuation coefficient it is then necessary to obtain a particle size distribution and
integrate that distribution over the various radii [18]:

a2

B(N) = 7r/ N(a)Keara’da. (10)

al

Normally the Mie computations are performed using a nondimensional size pa-

rameter

2ma
— 11
)\ Y ( )

T

so that the results of Mie scattering computations can be compared across wavelengths
and the results applied more generally. In the case of x << 1, the Mie model predicts
Rayleigh scattering behavior, in which forward and back scattering are roughly equal.

At larger size parameters, forward scattering is stronger, as shown in Figure 3.
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Figure 3. Mie scattering phase functions for various size parameters (based on Fig-
ure 12.7 of [14]). The radial axis is a logarithmic scale, and the angles are relative to
the direction of propagation. Features of note include the peaks at 0° and 180°, corre-
sponding to forward and back scattering, respectively, as well as the fact that all the
phase functions reach their minimum values somewhere around 90°. Finally, it should
be noted that the scattered intensity increases with the size of the scattering particles,
denoted by the size parameter z.

The Mie model makes the simplifying assumption that all the scatterers are spher-
ical in shape. The spherical particle assumption can introduce significant errors at
short wavelengths, but according to Yang et al. the effect of particle nonspheric-
ity is insignificant at thermal infrared wavelengths (8-12 pum) [21]. Although the
wavelengths of interest in this study are shorter than that, the assumption may still
be relevant because random variations of the orientations and sizes of the particles
cause the errors to average out [11]. The HELEEOS model therefore uses Mie scat-
tering exclusively to simulate atmospheric scattering. The phase function used for
HELEEOS runs in this thesis is shown in Figure 4; this phase function is computed
within HELEEOS using an implementation of the Wiscombe Mie algorithm [10], a
technique published in 1980 which provides superior performance compared to previ-

ous methods of computing Mie scattering phase functions [19].

12



Molecular Scattering
— — ~ Aerosol Scattering
Combined Phase Function

Dependent Variable(s)

102

0 20 40 60 80 100 120 140 160 180
Phase Function Angle

Figure 4. Mie scattering phase functions used in HELEEOS. Both phase functions are
computed from the Wiscombe Mie module, but with different size parameters. Note
that aerosol scattering dominates; this is because the Mie model predicts stronger
scattering for larger particles.

2.1.3 Optical turbulence.

Optical turbulence is caused by random localized temperature variations in the air,
which affect the index of refraction and thus distort the shape of the beam, causing
it to be wider over a time average than it would be in a vacuum. Small pockets of
turbulence (smaller than the beam diameter) can also cause intensity fluctuations, or
scintillation, in the beam [18]. Optical turbulence is an important factor influencing
laser beam quality and spread, but it is of less importance for off-axis scattering. The
broadened beam will impose lower irradiances on the scattering particles in the air,

but no loss will result when one looks at the entire beam as a whole.
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2.2 Infrared detection

2.2.1 InGaAs detector properties.

The data used in this thesis were collected using an infrared camera containing an
indium-gallium-arsenide (InGaAs) focal plane array. An InGaAs array benefits from
a low dark current and high quantum efficiency. In addition to cameras, InGaAs
detectors are often used for fiber-optic communication.

InGaAs arrays are popular infrared detectors because of their wide bandwith.
InGaAs detectors have a response range from 0.5 to 1.7 um, with the strongest
response between 1.2 and 1.5 pm, as shown in Figure 5 [9]. This overall response

range overlaps well with the 1.5-1.6 um wavelength range of the lasers in question.
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Figure 5. Responsivity spectrum for a typical InGaAs detector at 25°C with a 5V bias.
Based on Figure 7.55 in [9].

2.2.2 CCD detector properties.

The data from the December 2009 test were collected using a charge-coupled device
(CCD), which employs an array of silicon photodiodes. Silicon detects radiation

between 0.2 and 1.15 um, with the best response between 0.6 and 0.8 pm, as shown
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in Figure 6. Because this overlaps well with the the response range of human eyesight,

the silicon photodiode is the most commonly used type of photovoltaic detector [9)].
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Figure 6. Relative response spectra for CCD detectors. Based on Figure 7.30 in [9].

Silicon’s spectral response would make it unsuitable for the July 2009 test, but
silicon does respond at the shorter 1.05 um wavelength of the laser used in the De-
cember 2009 test. Therefore, although it is less suitable for infrared detection than

an InGaAs array, the CCD is capable of detecting the radiation of interest for in the

case of the December test.

2.3 Gaussian process regression

Gaussian process regression is a technique for “machine learning,” a process of
mapping some set of input parameters to an output parameter. A machine learning
process takes a set of input data with corresponding output data (the “training”
data set) and produces a numerical function which maps the inputs to the outputs,
attempting to smooth out noise such that the function will work for other inputs

besides those used in the training set [15].

A machine learning process should fit the training data with reasonable accuracy,
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but not so well that noise in the training data influences the training data too much.
If the fit is too good, the model may be unstable, meaning that it works excellently
for the training data but poorly for any new (or “test”) data with which it is used.

A simple example of machine learning is linear regression, in which the mapping
function is simply the sum of one or more known functions, which are scaled by
coefficients. This approach is relatively simple and its output easy to interpret. It
affords the implementor tight control over basis functions, which is desirable when
the physics of the system to be modeled is well known. The linear model cannot,
however, model systems involving complex interactions between input parameters.
One can always improve the quality of the fit to the input data by increasing the
number and variety of basis functions, but this can lead to over-fitting if one is not
careful.

More complex systems that cannot be modeled by linear regression are sometimes
modeled using neural networks. Neural networks are more flexible than the linear
models, but they are in some respects too flexible. Neural networks offer a wide range
of choices for the implementor in terms of design parameters, and no straightforward
framework yet exists to aid in such decisions [15]. As with linear models, the high
degree of flexibility can lead to overfitting if one is not careful [12].

Gaussian process regression offers an alternative which is more flexible than the
linear models but provides a rigorous approach to avoiding an over-fit of the training
data. It can work with a large (even infinite) set of basis functions, while maintaining
the stability of the model by computing a characteristic length scale. The character-
istic length scale is a measure of how far one can move through the input data set
before seeing a significant change in the output [15].

In the HELEEOS off-axis scattering model, Gaussian process regression will be

used to create a model that predicts the laser power for a given off-axis observation
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scenario. A training data set will initially be produced by running the existing off-axis
scattering model with various input parameters. After more experimental data are

available, they will be used to form a new training data set.

2.4 Laser communications

Although they are not a predominant means of communication today, lasers are
of interest for their high bandwidth, security, and freedom from radio interference
difficulties [13, 4]. The line-of-sight nature of laser beams means that data carried
through them will not interfere with radio communications, and as a result laser
communications are not currently regulated by the FCC [4]. Since nearly all the
transmitted power is directed at the intended receiver, it is possible to obtain a desired
signal strength at the receiver’s end using a much smaller, lighter, and less powerful
transmitter [13]. For military applications, the line-of-sight restriction means that
laser communications are more secure than radio communications because they are
more difficult to intercept [13].

The particular lasers used for the test cases in this study were designed for use
in laser communications, and operated at power levels of 0.6 to 5.7 watts. Thus the
data already demonstrates the possibility of detecting the use of laser communications
systems. Depending on the manner in which laser communications were transmitted,
it might also be possible to decipher some of the transmitted data. Barring that,
software such as HELEEOS could be used to glean information on the communications
system itself, such as its operating power. Doing so requires that the camera observing
the laser operations be carefully calibrated. The following chapter describes the theory
required to calibrate the camera, and to use the calibration result to compute a single

irradiance value for an image.
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III. Theory

In order to convert the raw camera data into irradiances which could be compared
with HELEEOS, the camera had to be calibrated against a known radiation source,
in this case a blackbody whose spectral radiance is described by Planck theory. Ra-
diometric theory allows this radiance to be converted into the power received at the
camera’s aperture as long as the aperture size, the distance and direction from the
blackbody to the camera, and the camera’s field of view are all known.

Once the calibration has been applied to images taken in the field, geometric
conversions must be made in order to determine the distance along the laser beam
path that corresponds to each pixel. In order to accomplish this, the angle between
the laser beam and a line from laser source to the observer, referred to as the off-axis
angle, must be known. Once this is done, the irradiances computed from the camera

can then be compared with irradiance values from HELEEOS in a meaningful way.

3.1 Camera Calibration

In order to convert the digital outputs from the camera into irradiances, the
camera must be calibrated against a known radiation source, and a blackbody was
chosen for this purpose. The radiance of the blackbody at a particular temperature

and wavelength is given by the Planck radiation law as[6]

2hc? 1
Ly = e o . (12)
exp (/\kT) -1

The form of the Planck formula given here is the spectral (wavelength dependent)
form. Strictly speaking, photodetectors such as an InGaAs array respond to photons
rather than energy. That is, a single photon will liberate one electron if it is sufficiently

energetic, and the energy of individual photons is immaterial as long as it is above
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that threshold. Therefore, it would be more correct to use the photon count form of
the Planck law, rather than the radiant flux form used here. However, for a narrow
wavelength range the two equations produce essentially the same result. The July
2009 measurements and the corresponding calibration were conducted using a filter
with sufficiently narrow band that the energy form of the Planck equation may be
safely substituted for the photon count form. The energy form was chosen over the
photon count form because it produces outputs in the form of an irradiance rather
than a photon flux, so that the units are the same as the output from HELEEOS.
The radiance L is related to the exitance M by
o9

M = = L cos 0,00),. 1
A o, cos 0,00 (13)

For a blackbody, the radiance L is independent of the direction of €2;. A radiation
source having this property is called a Lambertian radiator. For a planar Lambertian

source, the relation simplifies to [9]

M = L cos 8,0,
Qq

27 %
— / do / L cos 8, sin 0,do,
0 0

1
= 2’/TL§ =nlL. (14)

Ultimately the goal is to find the power ¢ received at the aperture, which is related

to the radiance L by

>

L _=
dApro;dQ’

(15)

where dAp,.; is an area element of the emitting surface projected into a plane perpen-
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dicular to the line of transmission. dA,,; = dAscosf, where dA; is the area of the
emitting surface and 6y is the angle between the line of transmission and the normal
to the emitting surface, and d€); is the solid angle subtended by the camera aperture

as viewed from the surface element in question, and whose value is given by
a
where a is the surface area of the aperture and r is the distance from the emitting

surface element to the aperture. Solving equation 15 for d?¢ and integrating yields

6= / / LdA,y;d2. (17)

In the calibration tests, the blackbody has an angular extent of £3° from the
vantage point of the camera, so by a small angle approximation dA,..; ~ dA. [16]
Similarly the solid angle €2 can be treated with a constant radius » = 600cm. Thus

equation 17 simplifies to

¢ = LAQ (18)

in the small-angle approximation.
To further verify that this small-angle approximation is valid, the full integral
of equation 17 can be performed numerically. For the square planar blackbody in

question, this becomes

6= L/w /w cos 0z dy (19)

where
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sl = e (20)

and

a
Q= 21
x? 4y 42 (21)
so that the integral to be evaluated is
6= L/ / T dady. (22)
—w/ow (2 4 y? +r2)2
Using the values of a = %ﬂ cm, v = 600 cm, and w = 15.24 c¢m, the integral 22

evaluates to ¢ = 0.206624L, while the small-angle approximation of equation 18
evaluates to ¢ = 0.206757L. Thus the small-angle approximation introduces an error
of about 0.06%. Note that this numeric integral still uses a small-angle approximation
for the evaluation of {2 inside the integral; this introduces an additional error but this
error will be smaller than 0.06% since the aperture of the telescope is smaller than
the width of the blackbody. Therefore the total error caused by the small angle
approximation is likely to be at most 0.1%.

The radiant flux (or power) is multiplied by the integration time (a parameter
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